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[1] Here, we investigate the possibility of a significant
atmospheric contribution to the tidal dissipation of the
Phobos-Mars system. We apply the classical tidal theory
and we find that most of the gravitational forcing is
projected onto the first symmetric Hough mode which has
an equivalent depth of about 57 km and is significantly
trapped in the vertical. Therefore, no significant dissipation
occurs through the vertical propagation of energy and
subsequent breaking of the tidal wave as the wave amplifies
with height. Alternatively, from the energy stored in the first
trapped mode we estimate that the time scale required for
the dissipative mechanisms to account for the total
dissipation of the tides is of order 102 s. This time scale
is unrealistically short, since it would contradict
observations of propagating thermal tides in Mars
atmosphere. Therefore we conclude that the dissipation of
the tidal potential that explains the observed acceleration of
Phobos most likely occurs within the solid planet.
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1. Introduction

[2] The tidal exchange of angular momentum between
Phobos, the inner-most natural satellite of Mars, and Mars
produces an acceleration in the orbital velocity of Phobos
and an increase in the rotation rate of Mars. The most recent
estimate for this acceleration comes from the observation of
the shadow projected on Mars by the transit of Phobos, as
measured by the Mars Orbiter Laser Altimeter instrument
on the Mars Global Surveyor spacecraft [Bills et al., 2005].
This observed acceleration of 6.631 � 10�9/year is consis-
tent with an energy dissipation of 3.34 MW. Assuming that
all the dissipation occurs in the solid interior of Mars,
modeled as a homogeneous Maxwell viscoelastic solid,
the effective viscosity of the planet was inferred to be
8.7 � 1014 Pa s [Bills et al., 2005]. The implicit assumption
in this calculation is that the tidal dissipation occurs
exclusively in the solid planet. In this note we deal with the
possibility that significant dissipation occurs in the planetary
atmosphere by investigating the response of the Martian
atmosphere to the gravitational tidal forcing by Phobos.

2. Summary of the Theory

2.1. Classical Tidal Theory

[3] Here, we briefly summarize the assumptions and main
results of the application of classical tidal theory to a thin
atmospheric shell as assumed for Mars. Detailed derivations
and discussions can be found in work by Chapman and
Lindzen [1970]. The tidal fields are assumed to be small
perturbations about a basic state, so for instance the total
density field rtot can be written as,

rtot ¼ r0 zð Þ þ r q;f; z; tð Þ; ð1Þ

where r0 is the basic state density which depends only on z
the height above the surface, and r is the perturbation. The
coordinates are the colatitude q measured from the axis of
rotation, the azimuth f, the height z from the surface of the
planet and the time t. The basic state is in hydrostatic
balance and can be considered at rest with respect to the
phase speed of the tide (c � 240 m/s > U � 10 m/s, where c
is the dimensional phase speed of the tide and U is a typical
scale for the horizontal velocity in Mars’ atmosphere). The
inviscid momentum equations, the adiabatic thermodynamic
equation and the ideal gas law are linearized around this
basic state.
[4] Since we are interested in the steady state response

to a forcing with a known period and magnitude, the re-
sultant tidal fields are assumed to be periodic in time, ha-
ving the same frequency s as the forcing (s = 2 wL), where
wL = w � wM is the relative rotation of the moon with
respect to the planet, w is the rotation rate of the planet and
wM is the rotation rate of the satellite around the planet
(Table 1). Here, we are interested in the response to the
dominant semidiurnal component of the forcing having a
wave number s = 2. Under these assumptions the equations
governing the atmospheric response are separable into an
equation that contains only vertical dependence and an equa-
tion that contains only latitudinal dependence (time and
azimuthal dependence are given by the forcing) [Chapman
and Lindzen, 1970]. The latitudinal dependence of the pertur-
bation fields is governed by the Laplace Tidal equation,
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where m = cosq, f = s/2w, g is the gravitational acceleration
on Mars, and a is the radius of Mars. Qn

s are the solutions of
the equation, known as Hough functions and hn

s are the
equivalent depths which represent the eigenvalues of the
problem, the subscript n is used to identify the eigenfunc-
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tions and the eigenvalues. The solutions Qn
s and the

corresponding hn
s are found by writing Qn

s as an infinite
series of (normalized) associated Legendre polynomials.
When the series expansion is substituted into equation 2, the
problem reduces to finding the solution of an infinite set of
linear equations for the coefficients (for a detailed discus-
sion, see Chapman and Lindzen [1970]). The series
expansions are believed to be a complete asymptotic
representation of the solutions and have an optimal truncation
which depends on n [Ioannou and Lindzen, 1993].
[5] The vertical structure of themodes is found through the

solution of the equation

d2yn

dx2
þ Q2yn ¼ 0; ð3Þ

where Q2 = (N2H2/ghn � 1/4) is the index of refraction
squared, N is the Brunt-Väisälä frequency, and H is the scale
height of the basic state (H = RT0/g, where R is the gas
constant for the Mars atmosphere and T0 is the basic state
temperature). The functions yn are related to the rest of the
tidal fields through the three dimensional divergence
perturbation cn as yn = cne

x/2, where x =
R
zdz/H is the log-

pressure vertical coordinate. Assuming a perfectly spherical
planet, the lower boundary condition is wtot = w = 0 and can
be written as,

ghn
dyn
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þ H

hn
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2
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g
; ð4Þ

where g is the ratio of the heat capacity at constant pressure
and the heat capacity at constant volume and i is the complex
imaginary unit. Wn refers to the component of the gravita-
tional forcing projected onto the Hough function of order n.
At the upper boundary, we impose the radiation condition,
which for propagating modes is equivalent to choosing the
solution that has an upward flux of energy [Wilkes, 1949].
Once the gravitational forcing and the eigenvalues are
known, equation 3 can be numerically integrated following
a procedure similar to the one described by Lindzen [1990,
p. 297]. In sum, any given perturbation field, for instance the
density, can be written as,

r q;f; z; tð Þ ¼
X
n

rn zð ÞQs
n qð Þei stþsfð Þ: ð5Þ

[6] Since the forcing is symmetric around the equator of
Mars, only symmetric eigenfunctions are considered (n = 2,
4,. . .). For the case of the northerly meridional velocity
u and westerly zonal velocity v it is customary to write the
fields in terms of associated functions Un

s and Vn
s which

contain all the q-dependence of the fields.

[7] For simplicity, we have assumed a perfectly spherical
Mars, without including any energy dissipation in the form
of frictional drag with the surface topography, despite the
degree 2,2 equatorial features that includes the Tharsis
bulge [Smith et al., 1999].

2.2. Tidal Potential

[8] The gravitational tidal potential exerted by Phobos at
an arbitrary point a over the surface of the planet, measured
from the center of Mars can be written as

W ¼ � GMs

jD� aj ¼ �GMs

D

X1
n¼0

a

D

� �n

Pn mð Þ; ð6Þ

where G is the gravitational constant, Ms the mass of the
satellite, and D is the position vector of the satellite in a
coordinate system centered at the center of mass of the
planet (D = jDj). The first two terms in the series expansion
6 are a constant potential with no consequence in the
forcing, and a term which gives an homogeneous forcing
equivalent to the acceleration experienced by the center of
mass of the planet. For the purpose of specifying the tidal
forcing we will be concerned only with the term of order
a
D

	 

3. Then, the semidiurnal component of the gravitational

potential due to satellite of mass Ms has the form,
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where P2
2(m) is the normalized associated Legendre polyno-

mial of degree (2, 2) and � is the orbital inclination of the
satellite. Despite Phobos being relatively close to the
surface of Mars compared to the Moon, the smaller mass
of Phobos dictates that the gravitational potential of the
Moon over the Earth is still about two orders of magnitude
larger than the gravitational potential of Phobos over Mars.

3. Results

3.1. Characteristics of the Response

[9] As expected from the relatively large value of f, the
expansion of the Qn

s are dominated by the contribution of
the corresponding Pn

s , that is, only a small correction from
the spherical harmonics appears as a result of the rotation of
the planet relative to the rotation of the moon. As a con-
sequence, since the gravitational forcing can be expressed in
terms of P2

2 most of the excitation goes into the first
symmetric Hough mode–Q2

2. From Table 2 we see that
the contribution of each of the higher modes to the expan-
sion of the gravitational potential is reduced by about two
orders of magnitude relative to the preceding mode.
[10] One can get a rough idea of the vertical propagation

of the modes by considering an isothermal version of
equation 3. In that case the quantity N2H2

ghn
becomes simply

kH
hn
, where k = (g � 1)/g. Therefore, when 4 kH/hn is less

than one the corresponding mode propagates in the vertical,
whereas when it is more than one the mode is vertically
trapped. From Table 2 we see that at least the first two
modes, which receive the bulk of the gravitational forcing,
are vertically trapped. The consequence for the problem at
hand is that the evaluation of the tidal dissipation cannot be
done directly by calculating the upward energy flux pw,

Table 1. Parameters for the Calculation of the Forcing

Symbol Parameter Value

w Rotation rate of the planet 7.08 � 10�5 rad/s
wM Rotation rate of the satellite 2.27 � 10�4 rad/s
wL Relative rotation rate �1.57 � 10�4 rad/s
s Frequency of the forcing �3.14 � 10�4 rad/s
Ms Mass of Phobos 1.08 � 1016 kg
D Distance between Phobos and Mars 9.38 � 103 km
a Radius of Mars 3.40 � 106 m

� Inclination of the orbit of Phobos 1�
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